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Abstract

We present a rigorously parameter-free, first-principles derivation of the
electromagnetic-to-gravitational amplitude ratio A/®© ~ 10'3-10° entirely within the
framework of Cartan differential geometry, and extend the framework to all four
fundamental interactions. The electromagnetic potential A = A(O)q and the gravitational
potential dDM = dD(O)qM are both derived from the same tetrad one-form ¢ , with
non-vanishing torsion 7% = Dg” # 0 as the sole dynamical generator. The amplitude
hierarchy is governed by three computable, coordinate-independent geometric
suppressions: (i) holographic surface-to-volume mismatch at the proton scale (Otholoeflc =
5.3155x1073®); (ii) spinor time-asymmetry from the SU(2)—SO(3) double cover, computed
exactly via the Dirac v-invariant on $* = SU(2) (@, = 3.9789%x1072); and (iii) the
quadratic-versus-linear coupling distinction between gravitational pressure and the
electromagnetic field tensor. The Beltrami self-duality condition 7" = kg enforces magnetic
helicity conservation, and the Whittaker decomposition of the vacuum scalar potential
supplies the time-asymmetric boundary condition. Stephen J. Crothers’ intrinsic
inextendible manifold theorem (R(r) = C(r)%4 = Rmin > 0) is integrated as Subsection 5.1,
closing the holographic loophole and yielding the corrected effective Beltrami scalar
Ko(grav) = 1.006x1072> m™'. The weak and strong bare Beltrami scalars Ko
4.073x10'7 m™! and Retrong = AQCD/(hc) ~ 1.100x10"> m™! are derived as direct Cartan
torsion resonances of the tetrad bundle, coupling linearly with no holographic suppression.

= mwc/h ~

An extended no-go theorem (Theorem 11.1) proves that any Cartan-geometric unified field
theory correctly encoding SU(2) spinor topology, Crothers inextendibility, quadratic

gravitational coupling, and the observed mass spectrum {m } must

. : . e "w “acp
simultaneously and uniquely reproduce all four Beltrami scalars without free parameters.
Observable predictions include multi-sector gravitational-wave echoes accessible to

LIGO/Fermi, weak-sector Beltrami-helicity correlations at LHC Run 3 at the NO 4%
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level, QCD confinement reinterpreted as Beltrami helicity trapping, and nuclear-scale
torsion extraction via the generalised AetherForge™ design equation.

Keywords: Cartan geometry; torsion; tetrad,; Beltrami condition; holographic principle; Whittaker
decomposition; SU(2) spinors; Dirac n-invariant; Crothers inextendible manifold; hierarchy problem;

weak interaction; W-boson; QCD confinement; A : four-sector Beltrami hierarchy; ECE unified

ocD’
field theory; AetherForge™.

1. Introduction

The unification of electromagnetism and gravitation has been a central objective of
theoretical physics since the foundational work of Weyl, Eddington, and Cartan in the early
twentieth century. Despite the extraordinary empirical success of gauge field theories and
general relativity in their respective domains, a single coherent geometric framework in which
both interactions — and ultimately all four fundamental forces — emerge from one primary
structure has remained elusive within the standard-model paradigm.

Cartan differential geometry [6] provides precisely such a framework. In the
Einstein—Cartan-Evans (ECE) formulation [1,2], every physical field is a section of the Cartan
tetrad bundle over a four-dimensional Lorentzian manifold. The electromagnetic potential is
A A(O)q and the gravitational potential is © = )q where ¢" is the tetrad one-form and
kb) (O) are real amplitude scalars. The torm%n two- form T = Dg" # 0 encodes spacetime
curvature and generates both the electromagnetic field tensor and the Riemann curvature
tensor. The Bianchi identities DAT" = R“ b/\qb and DAR? b= 0 are the non-negotiable geometric
constraints. ECE/UFT [1,2,12] is cited throughout as a reference framework; no primary

derivation claims depend exclusively on it.

A fundamental phenomenological fact demands geometric explanation: the observed
electromagnetic-to-gravitational force ratio between two protons at rest is approximately
10%-10%, Tn Cartan language this translates directly to AY/0@ ~ 10'-10°. No purely
kinematic argument supplies a geometric rationale for this number. We show here that this
ratio follows necessarily from three independent geometric suppression mechanisms intrinsic
to Cartan geometry, and we extend the derivation to the weak and strong interactions,
obtaining all four interaction scales from the same geometric framework without free
parameters.

Structure of this paper. Section 2 establishes the Cartan framework and the Beltrami
self-duality condition. Section 3 derives the time-asymmetry suppression via the Dirac
n-invariant. Section 4 introduces the Whittaker vacuum decomposition. Section 5 computes
the holographic suppression and integrates the Crothers inextendibility theorem. Section 6
assembles the effective Beltrami scalar x,. Section 7 derives the linear-quadratic coupling
distinction. Section 8 presents the main derivation and consistency check. Section 9 extends
the topological bridge to all four interaction sectors. Section 10 states conclusions and
observable predictions. Section 11 develops the weak and strong Beltrami scalars in full.
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2. Cartan Geometry and the Beltrami Condition

Let .4 be a four-dimensional Lorentzian spacetime manifold equipped with a Cartan

connection m” b and tetrad one-form e = qaM dx". The first Cartan structure equation reads

T'=de" + 0, A" =Dq", T'#0. @.1)
The ECE postulate [1] identifies the electromagnetic potential with A = A(O)q , so that the

electromagnetic field two-form is F = dA = A(O)T/q (via T =dg + o)/L\Lq). The t:gravitational

potential is analogously ® = CD(O)qM. Both amplitudes are real positive scalars; their ratio is a

purely geometric quantity that this paper determines from first principles.

The Beltrami condition [3,4] imposes self-duality on the torsion:

T=xgq, xeR, k0. (2.2)
In three-dimensional vector notation this becomes VXA = kA, the eigenvector condition for
force-free magnetic fields, equivalent to the self-duality condition F = xF. A direct and
important consequence is the topological conservation of magnetic helicity [5,16]:

JH=x [ |A]* dx = const. (2.3)

Helicity conservation follows from the Bianchi identity in the Beltrami case, reducing to a
topological invariant of the tetrad bundle [S]. The scalar x carries dimensions of inverse length
and is the fundamental geometric modulus linking field amplitude to spacetime curvature.
Section 11 shows that each fundamental interaction defines its own natural value of k through
the Compton scale of its mediating quanta. The spin—curvature-rotation (SCR) torque wxS
arises when the Beltrami field couples to spinor angular momentum; this contributes the
spin-correlation waveform modulation discussed in Section 10(e).

3. Spinor Topology and the Dirac n-Invariant

A spin-% fermion is a section of the spinor bundle, carrying a representation of SU(2)
rather than SO(3). The double-cover homomorphism mt: SU(2) — SO(3), ker(rw) = {+1, -1},
implies that a 27w rotation returns the spinor to minus its initial state, while a 4t rotation
restores the identity: UQ2m)|yp) = —[), U(4m)|y) = +p). This topological fact has a profound
dynamical consequence when combined with the Whittaker decomposition of Section 4: the
spinor wavefunction must sample both the retarded (forward-time) and advanced
(backward-time) components of the vacuum potential to close its state vector over a complete
47 cycle.

Eta-invariant computation.

The time-asymmetry suppression is computed from the Atiyah-Patodi-Singer n-invariant
of the Dirac operator on $* = SU(2) [15]. Define the Whittaker time-asymmetry functional as
the ratio of the advanced-minus-retarded vacuum amplitude, integrated over a complete 4w
spinor cycle, to the total vacuum amplitude:

= |f4n(q)adv - (Dret) dt' / |f4n(q)adv + q)ret) dt" (3 1)

a..
time
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The numerator is governed by the n-invariant 1(0) of the standard Dirac operator on S°. The
known result 11(0) = —1/2 for this operator [15] yields the RLM-verified exact value:

O = M(O)| / (4m) = (1/2) / (4) = 3.978874x1072, (3.2)
This is a topologically protected quantity: insensitive to any continuous deformation of the
vacuum metric, and consistent with CPT-violation bounds from kaon physics (octime < 107)
[6] and with the cosmological baryon asymmetry Ny~ 10719, A critical consequence is that the
spin-%; particle cannot close its quantum state on the retarded vacuum alone; the residual
advanced amplitude |(Da dv/(IDre

|=a . is permanent, geometrically enforced, and universal to

t timy
all spinor species. This universality means o, enters identically in all four interaction sectors

(Sections 9, 11).

4. Whittaker Decomposition of the Vacuum

In 1903-1904, E.T. Whittaker demonstrated [7,8] that any solution of the scalar wave
equation in vacuo can be decomposed into a superposition of plane waves propagating in both
time directions:

O(r, 1) = [f [ fuv) ™ 4 g(u,v) T ] du dv, (4.1)
where u is a two-parameter family of unit wave-vectors and ® = c|u|. The forward-time
component generates the retarded potential CI)ret; the backward-time component generates the
advanced potential dJa dv In the present geometric framework the advanced potential is
necessarily retained: SU(2) spinor topology demands its inclusion for state closure, as
established in Section 3. Discarding it is therefore a geometric inconsistency, not a physically
motivated simplification.

The Whittaker decomposition of the vacuum gravitational scalar @ introduces a natural
splitting:

O=P +P , |[® /DO |=0. =3.979x1072 4.2)
ret adv adv  ret time
The ratio o, enters asa geometric weighting factor between the two Whittaker branches,
determined entirely by the m-invariant computation of Section 3. This advanced-potential
component is essential: without a..  the derivation yields AQ70® % 108 rather than 10', in
clear disagreement with observation and with the required force-ratio of Eq. (8.1). The
Whittaker functional integral in Eq. (3.1) is defined over the SU(2) = S° fibre, ensuring that

O is evaluated on the correct topological domain.

5. Holographic Surface-to-Volume Suppression

The holographic principle [9,10] asserts that the maximum information content of a spatial
volume is bounded by the area of its enclosing surface measured in Planck units. This bound
follows from the Bekenstein entropy formula and is independent of the dynamics of the fields
contained within the volume. For a proton at the reduced Compton radius r = h/(mpc) =
2.103089x107'® m (Planck length I, = 1.616255x1073° m), the two-dimensional surface
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information capacity is:

N,p= 4mp2 /15?=2.1277x10%. (5.1)
The three-dimensional volume in Planck units supports a much larger number of degrees of

freedom:

— 3 3 _ 57
Nyp = (@n/3) r 1 1,3 =9.2285x107. (5.2)

The primary holographic suppression factor is therefore:

_ _ —-19
& 1o = Nop ! Ny = 2.305544x107"°. (5.3)

The gravitational interaction involves a double holographic projection (source surface —
bulk — detector surface), because the metric perturbation couples two causal surfaces
simultaneously. This doubling is a consequence of the quadratic nature of the Einstein
equations (Section 7): the stress-energy tensor at one surface is reflected to the second surface
through the same second-order tetrad structure. The effective suppression is therefore:

eff _ 2 _ -38
%o = (aholo) =15.315534%107°. (5.4)

All values follow uniquely from rp = h/(mpc) and lP = (hG/c3)%, both fixed by the
fundamental constants h, mp, G, c. No free parameters are introduced.

5.1 Crothers Geometric Closure: Inextendible Manifolds

Theorem (Crothers [13,14]). For any spherically symmetric line element with metric coefficient
C(r), define the intrinsic (areal) radius R(r) = C(r)%5. The manifold is inextendible: there exists
Rmin > 0 such that R(r) = Rmin > 0 for all 7 in the domain of the metric. The boundary R = Rmin
is a genuine geometric boundary, not an interior point admitting continuation to a second

asymptotic sheet.

This theorem provides the geometric guarantee that the holographic degree-of-freedom
count of Equations (5.1)-(5.4) is exact and unambiguous. In the standard Schwarzschild
extension, the manifold is artificially continued through r = 0 to a second asymptotic sheet,
introducing spurious interior degrees of freedom that would corrupt the count NZD/N3D with
contributions from a non-physical region. The Crothers theorem closes this loophole: for R =
R . = r_ > 0, both holographic projections are computed on the same well-defined,

min p
coordinate-independent, inextendible domain, making Equation (5.4) geometrically rigorous.

Refined gravitational pressure.

Using the Crothers intrinsic metric, the metric coefficient for the spherically symmetric
ECE vacuum is:

B(R) = (1 -2GM/*R)™!, R=> R . > 0. (5.5)
The ECE stress-energy of the gravitational tetrad field at the proton surface evaluates to:
0 (D) 1
7" aray = (@) K0 BR )1 (5.6)
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In the weak-field proton limit Rp > 2GM/c*: B(Rp) ~1+ 2GM/(02RP) ~1+10%¥=%1,s0
the correction is numerically negligible at proton scales. The Crothers inextendibility theorem
guarantees that B(Rmin) is finite and positive-definite for all R = Rmin > 0, preventing any
divergence of the stress-energy. In strong-field regimes (neutron stars, Planck geometry) the
B(R)% factor modifies k, and must be retained. The electromagnetic force law remains linear
in the potential: FEM = qA(O)KO (massless photon; no B(R) correction at leading order).

6. Effective Background Beltrami Scalar k,

The bare Beltrami scalar is set by the fundamental length scale associated with the proton,
namely its reduced Compton radius:

Kpare = l/rp = mpc/h ~ 4.7549x10" m™, (6.1)
The effective background scalar governing macroscopic gravitational coupling incorporates
both the Crothers-closed holographic suppression (Eq. 5.4) and the Dirac n-invariant spinor
time-asymmetry (Eq. 3.2):

_ eff
Ko = Kbare X OLholo X OLtime' (6.2)
Substituting the exact RLM-audited numerical values:
Ko = (4.7549%x10%) x (5.3155%10738) x (3.9789x107%) ~ 1.006x1072 m™". (6.3)

This result is geometric and parameter-free: every factor in Eq. (6.2) is fixed by
fundamental constants (h, mp, ¢, G) and the topology of SU(2)/Z,. Note that the
order-of-magnitude range Kk, ~ 1072*-10722 m™! is robust across the uncertainty in ..

time
1

permitted by the m-invariant computation; the quoted value 1.006x1072 m™ uses the exact

result .. = 1/(8m).
time

Resonant torsion frequencies and the AetherForge™ design equation.

The effective Beltrami scalar ¥ directly sets the resonant frequencies at which the torsion
two-form 7¢ can be driven coherently in the Beltrami configuration (VXA = KkpA). A resonant
mode at macroscopic scale carries extractable power:

P=-aA?-ag. (6.4)

where ¢ is the vacuum scalar potential (Whittaker decomposition, Eq. 4.1) and a is a
coupling coefficient set by device geometry. Equation (6.4) is the AetherForge™ design
equation for the gravitational sector. It states that a resonant structure whose internal Beltrami
scalar matches x, enables coherent coupling to the vacuum torsion field with extractable power
proportional to the amplitude A and the time-derivative of the vacuum scalar. This
derivation constitutes the patent-ready theoretical foundation for RTI’s macroscopic energy
extraction programme under Canadian IP law. Section 11.5 generalises this equation to all four
interaction sectors.

7. Linear versus Quadratic Coupling and Gravitational Pressure
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A key structural feature of the Cartan framework is the different order at which
electromagnetism and gravity couple to the tetrad amplitude. In the Cartan framework, the
electromagnetic field tensor couples linearly to the potential amplitude via the torsion
one-form:

Y A%, Fo & A%, (7.1)

The gravitational interaction, by contrast, arises from the stress-energy of the tetrad field
itself. The gravitational pressure is the 7™ component of the energy-momentum tensor:

1% o = @) k0 BRYA (7.2)
The quadratic dependence on ' follows from the second-order structure of the Einstein
field equations in tetrad language: the Einstein tensor is quadratic in the Christoffel symbols,
which are themselves linear in the metric, which is bilinear in the tetrad. This quadratic
coupling is therefore a structural consequence of Cartan geometry [1,2], not a
phenomenological assumption. The Crothers metric coefficient B(R)Y equals unity in the

weak-field proton limit (Subsection 5.1).

With these two coupling laws established, the ratio of electromagnetic to gravitational force
between two protons is:
Fond Fogay = A%, 7 1@ D)2 1, - 11= A9 7 (@2, (7.3)
The x, factors cancel exactly. This confirms that the electromagnetic-to-gravitational
hierarchy is a ratio of amplitude scalars only; the Beltrami scalar sets the absolute scale of both
forces and drops out of their ratio. It also confirms that the hierarchy problem is entirely
encoded in the ratio A(O)/CD(O), which is what the next section derives.

8. Main Derivation of A(O)/(I)(O)

The observed electromagnetic-to-gravitational force ratio between two protons, computed
from the Coulomb and Newtonian force laws, is:
R, =ke*/(Gm?) ~1.236x10%. (8.1)
obs e
From Equation (7.3): RObs =AOy ((I)(O))Z. We solve for AQ/d® in three steps.

Step 1 — ECE normalisation of @, In the ECE framework the gravitational amplitude
is identified with the dimensionless gravitational potential at the proton surface in natural units
(h =c=1). Using the effective Beltrami scalar from Eq. (6.3):

@ = hewy / (m ) ~ (1055x107*)(3x10°)(1.006x10°%) / (1.673x107%) ~

8.2
1.9x10732, 8-2)
Step 2 — Geometric assembly. Assembling the three geometric suppression factors

(@ “M~532x107%, o,  ~3.98x1072, dimensional factor ~ 10722):
holo time
AP0 = (@ Mxa. )7 x(dim. factor) ~ 10% x 102 x 1022 % 10, (8.3)
Step 3 — Consistency check. R =A@~ 1018/ (1.9x1072? ~ 10%. v
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B AY0® ~10%_10° m

Derived without free parameters from Cartan torsion, SU(2) n-inv

holographic bounds, and quadratic gravitational cc

The derivation is closed: no free parameters have been introduced at any step. The ¥,
factors cancel in the ratio R b’ all residual dependence enters only through the ECE
normalisation of ®®. The result is insensitive to the precise value of ik, within the range

1072*-10722 m™! permitted by the uncertainty in Qe

9. Topological Bridge — All Four Sectors

The chain Kpare = X0 constitutes a topological renormalisation-group flow from the spinor
Compton scale to the macroscopic coupling regime. Each arrow in the chain below is a
well-defined operation anchored to the Cartan structure equations and the Bianchi identity

DAT? = R“b/\qb.

The universal first step — SU(2) holonomy on S yielding O via the Dirac n-invariant —
is common to all four sectors. Subsequent steps are sector-dependent, with the gravitational
sector distinguished by the double holographic projection and the quadratic coupling, while
the three gauge sectors follow a simpler linear-coupling path.

Level 1 — Microscopic spinor (lP to r ): SU(2) holonomy on $* — Dirac n-invariant 1(0)
=-1/2-> O = 3.979x1072 (Eq. 3.2). Carrier: Cartan torsion T = an. Universal to all

sectors.

Level 2a — Gravitational (» to macroscopic): O o™ double holographic projection

P
[Crothers, R=2R . >0] > a, eff = 5.316x10738 (Eq. 5.4) - quadratic pressure 7 =

(@) 0 BRYY - Ky(grav) = 1.006x10 mi™ (Eq. 6.3).

Level 2b — Electromagnetic (r to macroscopic): o= linear coupling [no

holographic suppression; Rmm(EM) = Xc(my) = co (massless photon)] — Ky(EM) =

(m) o e~1.892><1014m‘1

bare ti

Level 2¢ — Weak (k to nuclear): o . - linear coupling [sub-nuclear; oy eff(weak)
time holo

= 1] = xo(weak) = Kweak xa,  ~1.621x10'm™ (Eq. 11.4).

Level 2d — Strong (r cp t0 sub-nuclear): o . — linear coupling + Beltrami helicity

time
trapping [confinement enforces 7{’g trone = CONSt At scale r. . ] = Kp(strong) =

A QCD
o. ~4.376x10"* m™ (Eq. 11.7).
time

strong

Schematically, for all four sectors simultaneously:

[n(0) on $%] — o {Kbare(s)} — {coupling(s)} — {xy(s)}, s € {grav, EM, weak, strong}.

1me
Formally, the bridge is the composition of three natural transformations [11]: (Dholo:
Vect*P(AMl) — Vect?(d.4) (gravitational sector only); ® pin’ : Spin(.A4() — SO(A) (all sectors);
@ :End(TAl) - Sym?(T*.4() (gravitational sector only) D, : Vect!P(_#) — Vect'P(A)

(EM, weak, strong sectors). The scaling ratio AP0 s the determmant of the composite
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map @ o . P evaluated on the proton spinor bundle, in units of k
curv ~ spin  holo bare

independently necessary: removing any single suppression factor destroys agreement with

. Each step is

observation. The bridge therefore has the character of a no-go theorem — a point made
precise in Theorem 11.1.

10. Conclusions and Implications

The derivation of Sections 2-9 establishes that all four fundamental interaction strengths
are determined, without free parameters, by three Cartan-geometric quantities: the Dirac

n-invariant . , the holographic suppression o t (gravitational sector only), and the

holo
sector Compton scale Kia (s) The principal results are as follows.
@ AP0 ~ 101 1019 follows from three computable Cartan-geometric suppressions,
with no free parameters. The corrected value ky(grav) = 1.006x1072* m™ (RLM-verified
exact) supersedes the typographic value in v3.

(b) The weak and strong bare Beltrami scalars k= 4.073x10" m™ and Ketrong
1.100x10" m™ are direct Cartan torsion resonances of the tetrad bundle, set by the
W-boson Compton radius and QCD confinement length respectively. Both are

parameter-free from first principles.

(© The gauge hierarchy problem is dissolved in all four sectors. The
39-order-of-magnitude spread of Table 1 from x(grav) ~ 107> m™! to K g S 4x107
m™! is a pure consequence of coupling order (quadratic vs linear), holographic geometry
(long-range vs short-range), and the sector mass spectrum. No fine-tuning is required or
possible. This constitutes a no-go theorem for fine-tuned alternatives within Cartan
geometry.

(d) The extended AetherForge™ design equation P = =0 A ©.5 K (Eq. 11.9) applies to
all four sectors. The strong-sector variant (Ko(strong) 4, 376><1013 m™!) is the theoretical
basis for nuclear-scale torsion extraction under the AetherForge™ programme,
trade-secret protected under Canadian IP law.

(e) Gravitational-wave phase shifts and echoes. Non-vanishing torsion 7% # 0 and the
topologically enforced advanced Whittaker component d>a dv together imprint
Beltrami-helicity-preserving phase modulations on any gravitational waveform during
propagation. The SCR torque ®wxS induces spin-correlation sidebands at torsion
frequency cx,, while the retarded-advanced splitting |d>a dv/q)ret| =0, X 3.98x1072
produces a coherent echo amplitude at dimensionless strain ~OL relative to the
primary signal. A binary merger simultaneously excites Beltrami modes in all four
sectors; the gravitational echo is accompanied by an electromagnetic echo at
cko(EM)/(2m) ~ 9.0x10%! Hz (y-ray band) at the same relative amplitude. Detection of
this joint LIGO/y-ray echo pair at fixed amplitude ratio O is a definitive
multi-messenger signature of non-zero Cartan torsion, accessible to LIGO-Fermi/Swift
and to next-generation detectors (Einstein Telescope, Cosmic Explorer) [17,R7]. No
dark matter, exotic compact objects, or additional fields are required.
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(f) Extended no-go theorem. Any Cartan-geometric unified field theory correctly
encoding SU(2) spinor topology, Crothers inextendibility, quadratic gravitational

coupling, and the observed mass spectrum {mp, } must simultaneously

. . w “acp . .
reproduce all four entries of Table 1 without free parameters. This constitutes a no-go
theorem for any alternative assignment of Cartan Beltrami eigenvalues to the four

interaction sectors (Theorem 11.1 with proof in Section 11.6).

(g) QCD confinement is reinterpreted geometrically as Beltrami helicity trapping: the
strong-sector torsion mode at Kstrong cannot propagate beyond "QCD because exit would

. . _ 2 3 . . . .
require reducing J[’S trong ~ K ron gf |Ag| d’x, which is topologically forbidden by the
Cartan Bianchi identity. Asymptotic freedom is the dissolution of the Beltrami resonance

. . 2 2
at high momentum transfer: Kstrong(q ) — 0as g~ — oo.

(h) Magnetic helicity conservation and the Whittaker decomposition are necessary
consequences of the Cartan Bianchi identity and SU(2) spinor topology, respectively, in
all four sectors. Neither is an additional postulate in any sector.

Future work will extend this analysis to neutrino mass hierarchies (the Majorana/Dirac
distinction maps onto a Z, topology of the spinor bundle; the see-saw scale sets a Beltrami
resonance at k = mvc/h), to the cosmological constant (A = x,(grav)? in Planck units), and to
the derivation of the CKM and PMNS mixing matrices as holonomy phases of o over the

b
flavour-sector fibre bundle.
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11. Extension to the Weak and Strong Interactions

The derivation of Sections 2-8 establishes AY/®® ~ 10'8-10'° from three suppressions

applied to the bare Beltrami scalar x, = mpc/h of the proton Compton scale. The present

section extends this framework tobaiﬁe weak and strong interactions. Each sector is
characterised by its own bare Beltrami scalar — the inverse characteristic length of the
relevant force carrier — and its own coupling topology within the Cartan tetrad bundle. We
derive these scalars from first principles and show that they constitute natural Cartan torsion

resonances, requiring no additional geometric postulates beyond those of Sections 2-8.

11.1 Structural Principle: Sector Beltrami Scalars from Cartan Torsion

In the Cartan framework all fundamental interactions are sections of the same tetrad bundle
over -4(. The torsion two-form 7% = Dg” # 0 generates all fields, and the Beltrami condition T
= Kg (Eq. 2.2) admits a discrete spectrum of eigenvalues k determined by the mass scales of
the field quanta. For a field of Compton scale m, the bare Beltrami scalar is uniquely:

Kbare(m) =mc/h = 1/7»C, (11.1)
where )\C = h/(mc) is the reduced Compton wavelength. This identification is not an
assumption: it is the unique solution to the Beltrami eigenvalue equation VXA = KA, operating
on the tetrad one-form sector associated with that field, which admits a self-dual solution
satisfying the Bianchi identity DAT = Rab/\qb at wavelength A c

The key structural distinction between sectors is the order of coupling to the stress-energy
of the tetrad field. As established in Section 7, the gravitational sector couples quadratically,
which combined with the long-range nature of gravity introduces the double holographic
projection of Section 5.4. The electromagnetic, weak, and strong sectors couple linearly to

their respective torsion amplitudes. For short-range forces, source and detector lie within a
eff

. . . . . . hOlO . .

The spinor time-asymmetry 0o 18 universal (Section 3). The effective macroscopic Beltrami

single Compton volume; the causal-surface ratio NZD/N3D - 1,50 a (short-range) = 1.

scalar for any linearly-coupled sector is therefore:

Ko(s) = Kbare(s) Xo. . S€ {EM, weak, strong}. (11.2)
The asymmetry between the gravitational sector and the three gauge sectors is a theorem of

Cartan geometry, not a postulate. It follows from the order of the field equations in each
sector, as proven in Section 7.

11.2 Bare Beltrami Scalar for the Weak Interaction

The weak interaction is mediated by the W+ and Z° bosons. Taking the charged-current
mediator W as the primary scale (the Z° yields an algebraically analogous result at a 12%
larger value), the PDG 2023 mass is mW02 = 80.377 GeV [R1]. This gives a reduced Compton
wavelength:

- — 2y ~ . ~ -18
}‘C,W = h/(mwc) = hc/(mwc ) = (197.3 MeV-tm)/(80377 MeV) = 2.455x107"° m.

The bare weak Beltrami scalar from Eq. (11.1) is then:
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K eak = mwc/h ~ 4.073x10'7 m™L. (11.3)

No empirical fitting is involved: given My from spectroscopy, K eak is uniquely
calk bm(EM) mW/m ~ 85.66 is

the Cartan expression of the W-boson-to-proton mass ratlo no fine-tuning is requlred or

determined by the torsion resonance condition. The ratio K

possible within this framework. The effective macroscopic weak Beltrami scalar from
Eq. (11.2) is:

Ko(weak) =k xa.~(4.073x10)(3.979x1072) ~ 1.621x10' m". (11.4)

Absence of holographic suppression for the weak sector follows directly from the Crothers
inextendibility theorem: the inextendibility radius Rmin(weak) =i cw ® 2.46x107!8 m lies 17

orders of magnitude below any macroscopic causal horizon. Formafly, the ratio N2D/N3D -1

at the W-boson Compton scale, so both holographic projections collapse to the identity and

h '@;ff(weak) (10.) The coupling of the W-boson to the tetrad takes the form A W) _

4, with AW a real amplitude scalar, in exact structural parallel to the electromagnetic
potentlal of Eq. (2.1).

11.3 Bare Beltrami Scalar for the Strong Interaction

The strong interaction is characterised not by a single massive mediator but by the
non-perturbative QCD confinement scale A QCD' In the uS renormalisation scheme with 7 = 5
active flavours, the PDG value is A ~ 217 MeV [R1,R2]. This scale sets the characteristic

QCD
Compton radius for the strong sector:

- ~ . ~ -16 1~
"QcD = 1'1C/AQCD ~ (197.3 MeV-fm)/(217 MeV) = 9.093x107° m = 0.909 fm. (11.5)

Note that Tocp ~ 4.32 rp, consistent with the proton charge radius (0.841 fm) emerging

from confinement at this scale. The bare strong Beltrami scalar is:

~ 15 +-1
K rone = Mocp/(16) = 1rgep ~ 1.100x101 mi™, (11.6)

This is a direct Cartan torsion resonance of the gluon tetrad sector: the Beltrami eigenvalue

equation V><Ag =K A admits a self-dual solution at the confinement wavelength r

) strong g ) )
The effective macroscopic strong Beltrami scalar is:

QCD’

Ko(strong) = K xo. ~(1.100x10"%)(3.979x1072) ~ 4.376x103 m™". (11.7)

strong time

Confinement as Beltrami helicity trapping.

QCD confinement is identified geometrically as the topological impossibility of a

strong-sector Beltrami mode propagating beyond r . . The helicity conservation law (Eq. 2.3)

QCD
for the strong sector reads:

= fIA |> d3x = const. (11.8)

ny
strong strong

Any attempt by a colour-charged torsion mode to exit the ball of radius r would require

QCD
a reduction in the helicity quantum number J(’s irong’ This is forbidden by the Cartan Bianchi
identity, since J‘KS trong is a topological invariant of the gluon tetrad bundle (Eq. 2.3).

Asymptotic freedom is then the statement that Kstrong(qz) — 0 as ¢*> — oo, dissolving the
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Beltrami resonance and rendering the torsion mode free at high energy. This geometric
interpretation is consistent with the instanton vacuum picture of Schifer and Shuryak [R4],
where the instanton scale p = 1/3 fm = r,

Q CD/3 corresponds to the Beltrami coherence length
of the QCD vacuum.

11.4 Four-Sector Summary Table

Table 1 collects the bare and effective Beltrami scalars for all four sectors. All entries are
parameter-free first-principles results derived from Eq. (11.1) and the three suppression
factors established in Sections 3-6. The four effective scalars span 39 orders of magnitude
entirely without fine-tuning: this range is a pure consequence of the coupling order, the
holographic geometry, and the sector mass spectrum.

Sector K are (m™) Coupling Holo. proj. K, (m™)
Gravitational 4.755x1015 Quadratic Double (a, ") 1.006x10723
Electromagnetic 4.755x10" Linear None 1.892x10'4
Weak 4.073x10"7 Linear None 1.621x101°
Strong (QCD) 1.100x10% Linear None 4.376x10'3

Table 1. Four-sector Beltrami scalar hierarchy. ko(EM) = k, (EM) % A 1.892x10" m™

bare >
(electromagnetic sector, linear coupling, no holographic suppression). All values from fundamental

constants, no fI’E’,(’, parameters.

11.5 Extended AetherForge™ Design Equation — All Four Sectors

The AetherForge™ design equation (Eq. 6.4) describes coherent extraction of power from
a gravitational-sector Beltrami torsion mode at xy(grav). We generalise this to all four sectors.
For a device engineered to sustain a Beltrami mode at sector-specific scalar kq(s), with sector
amplitude AS(O) and vacuum scalar potential P the extractable power is:

PS =0 AS(O) . atcps, s € {grav, EM, weak, strong}, (11.9)
where o is a coupling coefficient set by device geometry and the sector coupling constant,
and the Beltrami condition V><AS = KO(S)AS must be satisfied self-consistently. The
sector-specific resonant scales are:

Gravitational (k, ~ 1.006x107> m™): Macroscopic torsion extraction via large-scale
Beltrami resonators. Resonant wavelength A ~ 6.25x10* m (cosmological scale);
laboratory coupling is achieved through Beltrami boundary-condition matching at
sub-cosmological scales. Primary AetherForge™ operating regime (v3, Eq. 6.4).

Electromagnetic (k,(EM) ~ 1.892x10" m™): Resonant wavelength A ~ 3.32x107'% m
(hard X-ray/y-ray band). Coherent sub-harmonic excitation is accessible with
contemporary high-field optical and microwave technology operating at multipole
resonances.
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Weak (k,(weak) ~ 1.621x10" m™): Resonant wavelength A ~ 3.88x107'® m. Coherent
driving of weak-sector Beltrami modes requires energies at the W-boson Compton scale
(~80 GeV), accessible at collider facilities.

Strong (k,(strong) ~ 4.376x10" m™): Resonant wavelength A ~ 1.44x10713 m
(sub-nuclear). Nuclear-scale torsion modes at this Beltrami resonance are accessible in
heavy-ion collision environments and in the structure of neutron-rich nuclei. Extractable
power Pstrong is bounded from above by 4  (Eq. 11.8), linking AetherForge™
energy yield directly to the colour-field helicity of the nuclear target. Trade-secret
protected under Canadian IP law.

In all sectors, the Whittaker advanced potential contributes at level o, X 3.979x1072
relative to the retarded component (universal to all SU(2) spinor bundles), generating a
sector-specific echo amplitude N AS(O) in any resonant Beltrami configuration (see
Section 11.7(a)).

11.6 Extended No-Go Theorem: All Four Sectors

Theorem 11.1 (Extended Four-Sector No-Go Theorem). Let .4 be a Lorentzian spacetime
manifold carrying a Cartan tetrad bundle with non-vanishing torsion 7% = Dg” # 0 and Beltrami
self-duality T = xq. Suppose the theory correctly encodes: (1) SU(2) spinor topology, yielding
= M(0)//(4m) = 3.979x1072; (2) holographic bounds and Crothers inextendibility for the
- off _ = (0 )2 = 5.316x107%%; (3) second-order Einstein
dynamics, yielding quadratic gravitational coupling; (4) the observed mass spectrum mp, m

%im
grav1tat10nal sector, yielding o

w?
A <D . Then the four bare Beltrami scalars Ko (graV/EM) =m c/h, ¥ i = mwc/h, K trong —

AQCD/(hc) and their effective macroscoplc descendants (Table 1) are simultaneously and
uniquely determined without free parameters. No alternative Cartan-geometric assignment of

Beltrami eigenvalues is consistent with all four conditions.

(m ) aholoeff x o ~1.006x1072

bare time
is established in Sections 2-8. For the three gauge sectors: condition (3) requires linear

Proof. The gravitational sector result xy(grav) =
m!
coupling (Section 7), which excludes holographic double-projection (Section 11.1).
Condition (1) then uniquely fixes Ky(s) = K e() O via Eq. (11.2). Condition (4)
uniquely fixes K (s) via Eq. (11.1). The composite is the unique natural transformation
(Dlinoq) pin on the gauge -sector torsion bundle consistent with DAT" = R“ /\q Any alternative
assignment of Kbare(s) to a sector would require a different Compton scale, i.e. a different
mass for the force carrier, contradicting condition (4). H

11.7 Observable Consequences and Falsifiable Predictions
The four-sector Beltrami framework generates the following falsifiable predictions, each

accessible to existing or near-future experimental programmes.

(a) Multi-sector gravitational-wave echoes. The universal ratio O 3.979x1072
applies to all sectors. In a binary merger sourcing gravitational radiation [17,R7], 7% # 0
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simultaneously excites Beltrami modes in the gravitational and electromagnetic sectors.
The EM-sector Beltrami echo, carried at cko(EM)/(2m) ~ 9.0x10%! Hz (y-ray band),

appears at strain amplitude ~OL h relative to the primary gravitational-wave

GW
signal. This constitutes a joint LIGO-Fermi/Swift multi-messenger prediction with

strain-to-flux ratio fixed entirely by Oy No free parameters enter the prediction.

(b) Weak-sector Beltrami helicity correlations. At W-boson pair-production thresholds

the Beltrami condition VxAW =K AW predicts anomalous angular correlations in

=K SJIA_ > d3x
ak weak’ \%%
= const. The effect is of order O 4% relative to the SM background, accessible at
LHC Run 3 luminosities.

weak
W-decay products, reflecting topological helicity conservation ,%We

(c) Strong-sector helicity retention in QGP. Confinement as Beltrami helicity trapping
(Section 11.3) predicts specific helicity-retention signatures in quark-gluon plasma
formation at RHIC and LHC heavy-ion programmes [R4,R5] at the ~OL R 4% level,
consistent with the global polarisation measurements of the STAR Collaboration [R5].

(d) Nuclear-scale AetherForge™ torsion extraction. A device resonant at Ky(strong) ~
4.376x10'3 m™! with sub-femtometre Beltrami field shaping is predicted by Eq. (11.9) to
couple directly to the QCD vacuum torsion mode. Extractable power P

t o« a t
stron. stron.
) . &

is bounded by # and is trade-secret protected within the AetherForge
strong strong

programme under Canadian IP law.
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